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After establishing direct and converse approximation theorems for the Shepard
interpolatory operators, J. Szabados (Approx. Theory Appl. 7, No. 3, 1991, 63-76)
left some open saturation problems (“the most intriguing questions” as he said),
which he raised as three conjectures. The present paper proves the second parts of
some conjectures, but constructs counterexamples to show that the first parts of

three conjectures are not true. The constructive procedure uses some novel ideas
and techniques.  © 1998 Academic Press

1. INTRODUCTION

Let C;y, 1y be the space of all continuous functions on the interval [0, 1]
with the norm

I-Il= max {-].

0<x<l
For f'e Cp 1, the Shepard interpolatory operator S, ;(f, x) is defined as

S Sl =kl
Siol—kml T

Sn, )(J[D X)

This operator has been investigated by some mathematicians (cf. [ 1-4]).
After establishing direct and converse approximation theorems for this
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operator, Szabados [5] left some open saturation problems (“the most
intriguing questions” as he said in [5]), which he raised as the following
three conjectures:

Conjecture 1. 1If
1f=Su () =0n""),

then
1
j 1o f7, 1) dt < o
0

and /'(0) = f"(1) =0 hold.

Conjecture 2. For 1 <) <2, then

1f =S, () =0(n'~%)

implies
1 n
f t o f, 1) dt < oo;
0

and

1f =S, (/) =o0(n' =%
implies f(x) = const.

Conjecture 3. 1If

1f =S, (/) =O(log ~" n),

then
1
I t~'o(f, 1) dt < oo;
0

and if

1f=Su ()] =o(log ™" n),
then f(x)=const.

Unfortunately, the results given in this paper show that the above three
conjectures are not completely correct, so that the saturation problems
need to be further investigated.
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Exactly, in this paper we establish the following.

THEOREM 1. There is a function f with f" € Ci, 17 such that

Lf =S, ()] = O(1/n),

while
1
f to(f', 1) dt = .
0

THEOREM 2. For 1<i<2,

1f =S () =o0(n'=%)

implies f(x)=const. However, there is a function f € Cp, 7 such that

1f =S, () =0(n"=7),

while
1 "
f 1o f, 1) di = .
0

THEOREM 3. If
1f =S, ()l =o(log " n),
then f(x) = const. However, there is a function f'€ Cy, 1y such that
1f=S,1(f) = O(log ™" n),

while

Jl t~'o(f, t) dt = .
0

Remark. We point out that the interest of this paper is not only to
answer the conjectures, but also to establish the counterexamples, which
themselves show some new techniques and have novelty in constructive
analysis. For related matters, interested readers may refer to [6].
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2. PRELIMINARIES

To avoid too complicated calculations, we divide some parts of the
proofs into several lemmas.

We denote a positive constant by C in the sequel; it may have different
values in different situations.

LEmMMmA 1. Let xe€(0, 1), and i/n be the nearest node to x, that is,

min |x—k/n|=|x—i/n|.
0,1,..n

Then

Y |x—k/n| " ~|x—in| 7 1<i<2,
k=0

n

Y |x—k/n| =" ~(|x—i/n| " +n), 0<i<l,

k=0

if |x—i/m|~1/n, then
Y |x—k/n| ' ~nlogn.
k=0

Proof. The argument is straightforward. |

LemMA 2. Let x€(0, 1). Then there are two subsequences {1} and {n,}
from natural numbers satisfying

1 1
L b (1)
4n, ne 2ng

Proof. We divide the proof into two cases.

Case 1. x€(0,1) is a rational number. Then x can be written as p/q,
where p and ¢ are relative prime, p >2, p > ¢. Since (p, ¢) =1, we find two
integers u and v such that

qu+pv=1. (2)

We also may assume that u > 0. Otherwise put u; =u—Ip and v, =v+1g,
select / to satisfy u; >0, and then use u,, v, to replace u, v in (2). Rewrite
(2) as
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and choose a natural number r with 1/4 <r/p <1/2. Then we have

<

(3)

ru—+rov=

'm\\
B | —

<4
p

-b-\*—‘

Set n=ur+(k—1) pu, l

=k—1—v(r+(k—1)p) (k is a natural
number). Then from (2) and (3),

<l
2’

Bl —

nk—lk:%ur—kq(k—1)u—(k—l)+vr+( —1)pv=

“u\\

<4
P

that is,

3‘»\.
—_

1
—<
4n,

“a\&

or (1) holds.

Case 2. xe(0,1) is an irrational number. Denote the fractional part of
x by {x}, and write {x} as a binary number (0.a,a,a;---), where a,,
i=1,2,.., equals 0 or 1. Because x is an irrational number, it must have
infinitely many zeros and infinitely many ones. Assume «,, , k=1, 2,.
are infinitely many zeros where each has A1 = =1 to follow. Then ev1dent1y

we have 1/4< {2 'x} <1/2 if we notice {2°x} =(0.a,, a5 205, 3-").
Thus there are natural numbers g, satlsfylng 1/d<n,x—q,< 1 /2
(n, =2"""), and equivalently (1) holds.

Altogether, we have completed the proof of Lemma 2. ||

my 9

Lemma 3. Let fe Cpg 1y, f#const. If

If=Su ANl =o(n'"%), 1<i<2 (4)

or

Lf =S, ()] = o(1/log n), (5)

then the maximum and minimum values of f(x) can only be achieved on the
endpoints.

Proof. We just prove that the minimum values of f can only be achieved
on endpoints. On the contrary, assume x, € (0, 1) is a minimum point of f,
and, without loss, assume f(x,) = 0. f(x) must be greater than a given number
£y>0 on an interval 7<= (0, 1) since f'e Cp, ;7. Denote the length of this
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interval by |/|. By Lemma 2, there are two subsequences {/.} and {n,}
from natural numbers satisfying

| L1
S0 Sy ©
Write
S S X0) = f(x0) :Z:lk:o Sfny) [xo—i/n| 7A. (7)

o lxo—ifni|
For 1 <1<2, by (6), (7), and Lemma 1,

3

[/(x0) =S, (/s Xo)] ~ngt LY flifng) |xo— i | =

i=0

>Cn " Y eg=Ceo |l n, .
ilng el

This is a contradiction to (4). For A=1, by Lemma 1 again, we get

0) = Sy e )| = T R

i=0 |x0_ i/n/c

3
~nlog | Y flifng) 1xo—ifni |7
i=0

>Cny 'log 'n, Y eg=Ceo |1 log ' ny,

i/n el

which contradicts (5). Lemma 3 is proved. []

LemMA 4. If fe Cpo 1y achieves its minimum value only at x =0, then
there is a decreasing sequence {x,}, x, =0, k — co, such that f(x,) is its
minimum value on the interval [ x,, 1].

Proof. Without loss of generality suppose that f(0)=0. Assume that
f(x) achieves its minimum value on [1/k, 1] at x=x,, k=1, 2, .., and we
will prove such a sequence {x,} is what we require.

Obviously, {x,} is decreasing (it may not be strict). Next, f(x,) is the
minimum value on [ 1/k, 1], so it is the minimum value on [x,, 1] as well.
If x, »0 as k — oo, assume x, - a>0 as k— oo (we may pass to a sub-
sequence if needed). Now we have f(a)> 0. Since f'e Cpy ;7 and f(0) =0,
there is a 6 >0 such that f(x) < f(a)/2 for all xe [0, J). Choose sufficiently
large k to make de(1/k, 1]. Then we see that, on one hand one has f(x;)
< f(x)< fla)/2, xe[1l/k, o), while f(x,)= f(x,)= f(a) for n>k on the
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other hand. Hence 0< f(a) < f(a)/2 and this contradiction finishes the
proof of this lemma. ||

LemMA 5. If f € Cyg 17, then for xe(0, 1),

[f(x) =S, (£, ) =0(n™") | f'(x) log x(1 —x)| + O(1)

Do L) = /" (] |x —K/n]
Yioo(x—k/n)=? ’

where &, lies between x and k/n.

Proof. The proof is exactly the same as that of [5, Lemma 1]; we have
only to notice that

Jx) = fkjn) = f'(x)(x —k/n) + (" (&) = f'(x))(x —k/n). |

Remark. The inequality

|/(x) =S, 5(f, ¥)| = O(n~") | f'(x) log x(1 —x)|

1

+0(n*1)j o f7, 1) dt

1/n

obtained in [5, Lemma 1] is too rough in many cases. Readers can clearly
see the benefit in the next section when we construct a counterexample for
Conjecture 1 by using the inequality in Lemma 5 instead.

3. PROOFS

Proof of Theorem 2. Suppose f(x) % const, by Lemma 3, f(x) can only
achieve its maximum and minimum values at the endpoints. Without loss
of generality, assume that f only has its minimum value zero at x=0.
Applying Lemma 4, we see that there is a decreasing sequence {x,}, x; — 0,
k — oo, such that f(x,) is its minimum value on the interval [ x,, 1]. Therefore
we can find an ¢, > 0 and an interval / = [0, 1] such that f(x) >¢, forall xe L
At the same time, for sufficiently large &, f(x,) <e&,/2. For such x.( <1/4),
take n, satisfying

o <M< (8)
k
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We have

S(x) — Snk, ALy xi)
SO x A+ 3T () = flifng) xg — ifmg |~

2 o X —i/ny | o

S(xe San (/s Xi)
:f(xk)xk o+ B (S = M) b= (2|

2,220 |xp —i/(2n,)|
From the condition of the theorem

”f_ Sn,/l(f)H :O(nlil)a

together with Lemma 1 and (8), it yields that

S w3 () = flim) (5= v, ) =olne

i=1 k

2ny

fr) 3+ 3 (S = FiEn) (5= ) =olm),

i=1

and their difference reduces to

i 2j—1 2j—1 -
Z <f< énk )f(xk)>< énk xk> =o(ny).

Now that f(x,) <é&y/2, f(x) >¢, for all xel, and f((2j—1)/(2n;)) > f(x,),
with (8), we get

& &
SHme=om5 ¥ 1

(2j—1/n) el

t 2j—1 —2
—ony v (Bex)
@j-1/Cem)el e

o) ¥ <f<2]2.n_kl>f(xk)><2£n_k1xk>i

(2j—1)/(2m) el

=o(ny),

that is,

21 =o(1)
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as k — oo, which is impossible. This contradiction arises from the assumption
f(x) #const; thus we have proved the first part of Theorem 2.

Next we are going to construct a counterexample for the theorem. Select
a subsequence of natural numbers {n;} and a sequence of continuous
functions {f;(x)} by induction. Let n, be a natural number greater than
max{4, 1/(2— 1)},

(fA—xy=1=0n 0<x<I/4,
Sfilx)=
=00, 1/4<x<l.

After n; and f(x) are decided, we choose n, ,, satisfying
Ny oy =270 9)
Write N, =2 3%, n; " and set

0, xe[0,N,],
X — N A1+ Ve,
X€(Ny, N+ 1/(2n 1) ],
X = N =1y |27 e,
xe€(Np+1/2ng 1), N+ 1/nie 11,
0, xe(Ng+1/ng,q, 1]

Sei1(x)=

We observe that N, , =N, +2/n,,,, and, with (9),

lim N, =2 Z

k — o A

”
<2 Z

so that we have well defined continuous functions { f;(x)} on [0, 1] which
have the following property: for any x, € [0, 1], if for some j,, f; (x,) #0,
then for any j# j,, f;(xo) = 0. By definition, functions f;(x) also have the
other properties

R [l N+ 1) = [l N Dl S o fr, 1) (10)
for 0 <t<1/(2n,), and

@fi 1) = max max | fxth) — filx)] = 0@
O<h<t xe[Ny_;, Ny_+1/n] (10/)

for 0 <t < 1. Define

o0

fx)= % n ' filx),

k=1
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and write
k o0
Y n (X)) =Fy (%), 2 1 fi(xX) = Ry(x)
i=1 i J=k

for convenience. Obviously f'e C;, 17 by

e}

[o'e)
Yol < ongt<oo
k=1

k=1

Now we estimate f(x) — S, ,(f. x). Let n, _, <n<mn;,, k=1,2, .. (set ny=0),
and for some j,, xe I, :=[N; _y, N; _,+1/n; ] (here I, =[0, 1/4]). Without
loss we assume j, <k — 1 (the other case is much easier). Then

Teo (Fry ;(x)=F_y (1 — | —*
f(x)_Sn,/l(fa x):Z[:O( - "/O(X) K Jo /I’l |)C /I’l|

Yo Ix—1In|~
+LZ7:o(f,»O(X)—f,»O(1/n)) |x—1I/n| ="
"y X7 o lx—1/n]

i (Rx) = Ry(l/m)|x — Ijn| ~*
o b=l

=2, +2,+2;.

It is easy to calculate that

IRy =0 (z /> O(n: )= O(n ).

so that
1251 <2 Ry =0(n?). (I1)

Dealing with 2, is more complicated. We need the following facts which
can be calculated directly. Suppose m,/n is the nearest node to x. Then for
any j#m, (and for 1 <1<?2),

|x—j/n|*'1<|j—m0|*i |x_mo/n|7i- (12)
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Therefore

S (£, () — £ Ufn) | — Ifn]

B _ [l —mg| +1 _
<ol x=mofnl + T o f L) kgl

1# my

<n’~+11/"fo<1 + X (l=mo|+ 1)”””/0) |x —myg/n| ~*

I#£my, 0<I<n

(by (10’) and (12))

n
<2n7/1+171/n/0 Z 171+1/n/0 |x_m0/n|7/1
I=1

<SCn= 1 |x —mg/n| 7,
together with 37 _ |x —k/n| ~*~ |x —m,/n| ~* we thus have
|2, =0(n="*1). (13)

Finally, we estimate |2 |. In this case we notice that F, _, ,(x)=0 since
xel;, as well as for any 1€/, [# j,, 1 <I<k—1, say, [<j, (the other
case can be treated similarly), F, _, ;(1)=n, 'f,(1). We calculate that

Jii=| Y (Fuoy (0= Feoy (i) |x—j/n] =

Jinel;

1
=— 2 1AGm) = filN,_y+n;7 D] x — j/n| =

lj/neI,
by the structure of f,(x),
f(x)=0 for [N,_,+1/n, 1].

Noticing that xe/; and j/nel,, thus |x— j/n|>1/n, and we have

1 ) Caim oo
Ji<— Y ljn—=N,_=1n |77 1 x — j/n| 4

! jmel

p—1 ; A—1+1
<n;=' Y jm—N,_y—1/n] i
Jjinel;
[n/n]+1 C
<n/~—ln—/h+l—1/n] jA—1+1/n[< n_l_l/nl.
Xy Z \l_i_n—l !

j=1 1
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While by Lemma 1,
2
1=0

Altogether,
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|x —I/n| =%~ |x —my/n| ~*=n"

|El|:0<n”l i nj1>=0(n”l). (14)

j=1

Combining (11), (13)-(14), we get
S(x) =S, (fix)=0(n"**1).

The remaining part is much simpler:

Ll to(f, t) dt >

o -1yl

Zj "t ol f 1) di

Jj=1 j+l

[e'e)

S5 N 0 Sl

Jj=1"141

1—1

ZJ TN, 0= f(N, ) dr

j+1

0 21, *‘
—j (g (by (10))

1/”+1

216G
=>C — ) -
= L\2n n,

SCY 0 (by(9)

j=1

= + 0.

Up to this stage, we have completed Theorem 2. ||

Proof of Theorem 3.

The argument of the first part of Theorem 3 is

almost the same as that in Theorem 2. The construction is also similar to

Theorem 2 (set A=1

in this case). One just needs to notice that in the

present case if |x — j,/n| ~n~", then (see Lemma 1)

Y |x—j/mn| "' ~nlogn.
=0
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The more complicated situation is that, instead of considering the nearest
node to x, we now have to consider the second nearest node to x. ||

Proof of Theorem 1. We construct a counterexample for the theorem.
Although the technique is quite similar to that in Theorem 2, some details
are different and more complicated. Select a subsequence of natural numbers
{n,;} and a sequence of continuous functions { f;(x)} by induction. Let n, =8,

0, 0<x<1/8,
|x — 1/8]/m, 1/8<x<5/32,
gi(x) =< |x—3/16]'", 5/32 < x < 3/16,
—g,(38—x), 3/l6<x<1/4,
0, 1/A<x<]1.

After n, is decided, we choose 7, , , satisfying
Ny 1 = 2"%n,. (15)

Write Ny =23"%_,n; " and set

J

[0, xe[0,N.],
|x_Nk|1/"k+l’
X€ (N, N+ 1/(4n; 1)1,
|x = Ny — 1/(2ny )|/,
xe(Np+1/(4n; 1), Np +1/(2ni )],
- gk+l(2Nk+ 1/nk+l _x)r
xe(Ne+1/2ny 1), N+
\0, xe(Ny+1/m,, 1]

Gra(x)= <

l/l’lk+1:|,

Set

fulx) =] gy e
0
We observe that N, , =N, +2/n; ., and, with (15),
1
hrn N,=2 Z —<2 Z 27F=1)2,
k=1"k k=3

and [y g(1) dr = fN: :“/"k g(t)dt=0 for x>N,_,+1/n,, so that we
have well deﬁned differentiable functions { f;(x)} on [0, 1] which have the
following property: for any x, € (1/8, 1/2), if for some jo, f;(x,) #0, then
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for any j # jo, f;(xo) =0; f;(x) =0 for all xe[0,1/8]U[1/2,1] and for all

j=1,2, ... By definition, functions g,(x) also have the other property that
(g, 1) = O(t""™)

for 0 <t < 1. Define

o0

f(x)= Z nk_lfk(x)a

k=1

which is the function we required. First,

Z ng g,(x

together with |lg, | <1 and X n;'<oo by (15), we see f'€Cpg ;-
Next, similar to the proof of Theorem 2, we can get {47~ 'w( /", t) dt =
Finally, we will prove that

1f =S, o)) =0n1.

Letn, ,<n< n, ,k=1,2,... Suppose that xe(1/8, 1/2), say, for some j,,
xel; =[N, _i, _1+1/n ] (here I,=[1/8,1/4]). Without loss we
assume j,<k—1 (the other case is much simpler). Then

S0 (Fe, (%) = Fey i (In) 1x —1fn] =2

J(x)=8,5(f. x)=

Yo lx—1n=?

1 270 (f,(x) = £, (Im) |x —I/n| ~2

+7
n; 2o lx—1/n|"

L Zi=0 (RlX) = Rilljm)) |x—1/n| 2

Yo lx—lm|~?
=2, +2,+2;,
where as in the proof of Theorem 2,
k 0

Y on f(X)=F(x), Y n fi(x) = Re(x).

J=17#Jy j=k

Now

IRl = ( _i n2 > = 0(n; %)= O(n ™2,
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so that
|25 <2 (IR, || = O(n—2). (16)

To estimate X'y, we notice that F,_, ;(x)=0 since xe;, as well as for

any tel,, I#j,, 1<I<k—1, say, /< j, (the other case can be treated
similarly), F,_, ;(t)=n;'f,(t). Then, due to the clear fact |f(j/n)| <
(jn—N,_)'*"for jnel,

Jl = z (kal,j()(x)_kalvjo(j/n)) |X—j/7’l|72

jinel;

<ni S 1G] |x— jfn] 2

lj/nell
<, Z lj/n—N, '+
Jjnel;

[n/n]+1
gnlnflfl/n/ Z j1+1/n/
Jj=1

similar to the proof of Theorem 2. Therefore,
1| < Cgn =" = Enfn > < Cn o,

With Lemma 1,

k—1 1 o0
|12, |<Cn ), |xmo/n|_2=0<n_‘an_1>=0(n_‘), (17)
j=1

J=Lj#jy T

where m/n is, as in the proof of Theorem 2, the nearest node to x.
The dealing of 2, is more difficult. By Lemma 5,

7o (f(x) = fi(lm) 1x = I/n| =2
Yo lx—1/n 72

o l&i(x) = g (& Ix —k/n| 7
Yo (x—k/nm)=?

=0(n™") |g;(x) log x(1 —x)| + O(1)

=:0(n " | g, (x) log x(1 —x)| +K,
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where ¢, lies between x and k/n. Hence it follows that

_ A8y n=h) lx—mo/n| T+ 3, L, (g, (IT=mo| + 1)/n) |x —1/n| !
h Yi_o(x—k/n)~?

S(x—mo/n)znl/”fo<1+ > (|I—m0|+1)1“/”/o> |x —mg/n| !

I#£my, 0<I<n

(by Lemma 1 and (12))

n
<2 |x—mg/nln=" Y 17T < Cnyn
=1

Thus we have
|25 =0(n"") | g;(x)log x(1 —=x)| +O(n~!)=0(n"") (18)
since x e (1/8, 1/2). Combining (16)—(18) yields that
S(x) =S, o(f;x)=0(n"")

for xe(1/8, 1/2).

In case that xe(0, 1/8] or xe[1/2, 1), we only notice that f,(x)=0 for
all k in this case, so that we do not need to deal with the summation like
the above %,, and clearly we also have

f(x) =S, o(fix)=0(n"")

for xe (0, 1/8]uU[1/2,1). If taking into account the fact that O in the
above inequality is independent of x, we have

If =S, oN)=0(n""),
so that the proof is finished. ||
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